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We prove that the number of t-wise balanced designs of order n is asymptotically

n
n((‘) / (t+1)) (1+0(1)), provided that blocks of size t are permitted. In the process, we prove that the
number of t-profiles (multisets of block sizes) is bounded below by exp(c; = v/nlogn) and above by
exp(cgy/nlogn) for constants cy > ¢; > 0.

1. Preliminaries

A t-wise balanced design is a pair (V,8), where V' is an n-set of elements, and
B is a set of subsets (called blocks) of V, so that every t-subset of V is contained
in precisely one set of $. A t-wise balanced design is proper if  contains no blocks
of size t; we generally allow blocks of size t. A t-design is a proper t-wise balanced
design with all blocks of the same cardinality. The t-profile of a t-wise balanced
design (V, $) is the multiset of the sizes of the blocks in 3.

Naturally, when blocks of size ¢ are permitted, there are many ¢-profiles, and
many t-wise balanced designs. We determine the number of ¢-profiles P;(n), and the
number of t-wise balanced designs N;(n) asymptotically. More precisely, we prove
the following two theorems.

Theorem 1. There are positive constants cy, ca for which

exp(c1v/nlogn) < Py(n) < exp(cav/nlogn)
for fixed t > 2.

Theorem 2. The number of distinct (or nonisomorphic) t-wise balanced designs of
order n is

Ny(n) = nl(D)/@+D]+o(1)
for fixed t > 2.

We often use the symbol o(1) to denote a quantity depending on a natural
number 7, the value of which tends to zero as n tends to infinity. For a function
f(n), o(f(n)) = o(1)f(n). For two functions f(n), g(n), we write f(n) ~ g(n) if
f(n) = (14 0(1))g(n). We also write f(n) ~s g(n) if | f(n) — g(n)| < ég(n).
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We prove Theorem 1 in Section 2. In Section 3, we establish the upper bound
in Theorem 2, and then in Section 4, we establish the lower bound.

Previous work has concentrated on proper t-designs for ¢ = 2 and 3. When
t = 2, the lower bound in Theorem 2 on 2-wise (pairwise) balanced designs is the
same as are best known lower bound for 2-designs with block size 3 (Steiner triple
systems); this lower bound was established by Aleksejev [1] and Wilson [7], and later
simplified by Phelps [5]. Similarly when ¢ = 3, the lower bound in Theorem 2 on 3-
wise balanced designs is the same as the best known lower bound for 3-designs with
block size 4 (Steiner quadruple systems) [4]. Hence in these cases we find that the
number of t-designs with block size ¢ 4 1 is essentially the same as the total number
of t-wise balanced designs. However, our Theorem 2 falls far short of determining
whether this holds for all ¢, as our methods rely strongly on the admission of blocks
of size t.

2. The Number of t-profiles

In this section, we prove Theorem 1. The case t = 2 is settled in the following
theorem of Colbourn, Phelps and Rodl [2]:

Theorem A. There are positive constants ¢; and ¢, for which
exp(cjv/nlogn) < Pa(n) < exp(cuv/nlogn).

The lower bound in Theorem 1 follows immediately from Theorem A. Any
pairwise balanced design of order n — ¢ + 2 can be extended to a t-wise balanced
design by adding ¢ — 2 fixed new elements to each block of the pairwise balanced
design, and then adding blocks of size ¢ to cover all remaining t-subsets. Hence the
number of ¢-profiles grows at least as quickly as the number of 2-profiles.

Next we establish the upper bound. Let P be a t-profile. Partition the multiset P
into two multisets S and L; S contains all block sizes which are at most 10(t — 1)/,
while L contains those larger than that. The number of ways in which S can be

chosen is bounded above by nc\/ﬁ, for ¢ a constant. Hence we must only bound the
number of ways in which L can be settled. The number p of blocks corresponding
to L satisfies

10(¢ ~ 1)py/n ~ (¢ - 1)(1;’) <n

since any two distinct blocks intersect in at most ¢ — 1 elements. Moreover, since
large blocks can always be replaced by smaller ones, the inequality must hold for all
numbers g of blocks, 1 < ¢ < p. Since the inequality does not hold for v/n/5, we must

have p < \/n/5. Thus there are at most n¢ V™ choices for L. Combining all choices
for S and L gives an upper bound on the number of ¢-profiles of exp(cg\/nlogn), for
c2 a constant. This upper bound argument was essentially suggested by Erdds [3].

3. The upper bound in Theorem 2

Let & = (V,8) be a t-wise balanced design on N elements. Order the blocks of
B as By, ..., By so that
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(1) ifi < j and |B;| >t + 4, | B;| > |B;|, and

(2) if i < j and |B;| < t+ 4, the lexicographically smallest t-subset of B; precedes
the lexicographically smallest t-subset of B;.

The ordered t-profile P of  is then {|B1], |Ba|, . . .|Bs|). First, we determine an upper

bound on the number NtP (N) of t-wise balanced designs whose ordered t-profile is

P. Let s = max{i : |B;| >t +4}. To establish an upper bound on the number of

selections for By, ..., B, observe that there are fewer than N |Bil ways to select B;.
Once By, ..., B, (r > s) are selected, the next block in the ordering must contain
the lexicographically smallest ¢-subset not yet contained in a block; hence there are

fewer than NIBil-t ways to select B; for i > s. Combining these observations, we
have

_ s b
(3.1) NE(Ny < (TINBN (T M5
i=1 i=s+1
For |B;| > t + 4, it is easily verified that

B.
(3.2 i< () /4.
For |B;| < t +4, it is easily verified that
B,
(33 B -t< () s,

with equality when |B;| =t+1or t+ 2.
From (3.1), (3.2) and (3.3), we have

b 185
(3.4) NP(N) < HN(}'z )/,

Since iél (lfzil) = (1:{), (3.4) implies that

(f}’ ) /1)

Next we bound the number NtP (N) of t-wise balanced designs with ¢-profile P.
For a given ¢-profile P, the number of ordered t-profiles consistent with P is certainly

N
less than 5( ), and hence by (3.5),

(3.5) NPy <N

(3.6) NP(N) < wl(F)rern]aremy
Finally, we bound N¢(N). Let # be the set of all t-profiles. Then
(3.7) Ny(N)= > NF(N).

Pc?
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Using (3.6} to overestimate the maximum number of ¢-wise balanced designs with
given profile, and using Theorem 1 to overestimate the number of t-profiles, we obtain
the desired inequality:

Ny(N)< N [(y)/(tﬂ)] (14+0(1))

4. The lower bound in Theorem 2

To establish the lower bound, it is convenient to prove a closely related result:

v )| (1+0(1
Theorem 3. Let t, N be positive integers. Then there exist N [( t )/(t+ )]( +o(l))

set systems & on {1,..., N} such that
(i) |¥|=t+1forevery S€ ¥,

i) 171 < [(¥) 7+ D] (1 +0(1)), and
(iii) there are at most o( Nt) t-subsets of {1,..., N} which are not contained in some
Sed.

First we establish the lower bound in Theorem 2 as a consequence of Theorem
3. In every set system  satisfying properties (i), (ii) and (iii), there are at most
f(N,t) = o(N?) sets S € ¥ for which there exists S’ € ¥ with |S N S'] > ¢t. Deleting
all such sets produces a set system ¥* with the property that every t-subset of
{1,..., N} appears in at most one § € ¥*. Adding all uncovered t-subsets to ¥* as
blocks then produces a ¢-wise balanced design 2.

We can obtain the same ¥* (and hence also the same 2) from different systems

) . N\f(ND) e
¥; however, the number of choices for ¥ is bounded by ( ‘ ) , and hence in this
way we get

N
N[( Y /@] oy [(¥)/6+1)] a+owy
=N
( N)f (N.B)

t
different set systems 9; each is a t-wise balanced design with blocks of sizes ¢ and
t+ 1 only.
Now we prove Theorem 3. The strategy used is quite similar to that used by
Radl [6] in proving the following:

Theorem B. Let t < k « N be positive integers. Then there exists a family § of
k-subsets of N satisfying
(i) every t-subset of N is contained in at most one member of ¥, and

(ii) |9] > [ (1;’) / (’;) ](1 — o(1)), where o(1) — 0 as N — co.

Although there are a number of similarities with the proof of Theorem B in [6], we
include details here whenever it is not possible to refer explicitly to a statement in

[6).
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In order to prove Theorem 3, we first introduce some notation employed in the
proof; subsequently, we establish three lemmas which enable us to prove Theorem 3
at the end of this section.

Let # be a k-set of positive integers. A k-partite t-graph is a pair G = ((V;) e E)
such that [eNV;| < 1 for every j € # and e € E, and moreover e C |J V; for every

Jed
e € E. V(G) denotes the vertex set |J V; of G, and E(G) = E.
JEF

Let [#]? denote the set of all t-subsets of £. For I € [#], p; = py(G) denotes the

cardinality of Fj(G), where

E(G)={e€ E : enV; #0 for every i € I}.
A subset R |J V;, |R| >t is complete if [R]! C E.
jef
From now on, we assume that k = ¢ + 1. For R € E(G), o®(G) denotes the
p
number of complete (¢+1)-sets containing R. Let Aj, ..., Ap, A= |J A; be pairwise
1=1

disjoint sets. Then [{4;}F_,]* denotes the system of all t-subsets of A which intersect
each A; in at most one efement.

Finally, we require the following auxiliary claim [6]:
Claim: For every pair of positive integers n, m with n > m, and positive reals p, ¢
with p + ¢ = 1 for which (2p — 1)n < m < 2pn, we have

2
Y mgn—m _1(m—np)®
() (m)p g < €xp ( 3 npg )
The proof of Theorem 3 is divided into three lemmas.
Lemma 4.1. Let G = ((Vi)g{,E), n=|V| =|Va| =... = [Vi+1] be a (t + 1)-partite

t-graph. Let p and o be positive reals less than one such that
(i) o®(@) ~ on for every edge € E, and
(ii) py ~ pnt for every I € [{1,2,...,t + 1}]%.

t
Then for every € > 0, § > 0, and n sufficiently large, there are n® P(1=8)n" gystems
X of blocks (complete (¢ + 1)-sets) from G such that if we put

G* =((V;})!*L, E\{R : 3K € X, R € K})

i=1»
p1 =p1(G”)
o =oR(G*)

the following hold:

(a) pf ~ (pexp(—eo))nt for every I € [{1,2,...,t+ 1}t

b) of ~ (gexp(—eop))n for every edge R of G*.

(c) |{{K1,K2} K1, Ko €X, K1NKy #0} <20 U K|
KeX

Proof of Lemma 4.1. Let G = ((V;)!X1,E) be a given (¢ + 1)-partite i-graph

i=1?
with properties (i) and (ii) of Lemma 4.1. Suppose without loss of generality that
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n = (Vif = ... = {Vgy1]| is a sufficiently large positive integer (chosen to satisfy
constraints which become clear later in the proof). Let ® be a random variable
whose values are subsets of the set J(G) of all complete (¢t + 1)-gons of the graph G.
Each K € X(G) has Prob[K € ®] = ¢/n, and these probabilities are independent
for different K € X(G).

First we examine edges of G which are not covered by the (¢ + 1)-gons chosen
in X. To be more exact, observe that I' = (V(G),E(G)\{R : 3K € ®, R€ K}) is
a random variable whose values are subgraphs of G. Now let I € [{1,2,...,t + 1}]%.
For a fixed edge R € E;(G), the probability that R remains in Ey(T) is

PR = (1~ (¢/m)”"1+°W) ~ exp(~eo).

These probabilities are independent for different R € E;. The probability that
exactly s edges in Ej are not covered by any (¢ + 1)-gon K € & is therefore

> Ilre II a-rwr

XelE[)* ReX  ReEN\X

= ( e 0(1))) (exp(—€0))°(1 - exp(—ea))?™ (H)=5(1 1 o(1))m".

S

Now let ¢ be a positive real satisfying

(4.1) # < min (g Iaexp(ea))

Let S, be the set of integers s for which 0 < s < pn*(1 + o(1)) = | Ey|, and

|s — (exp(—e0))pn’| > upn’ exp(~eo).
Then applying (*) gives

nt
Z (p (1:—0(1))) (exp(—eo))s(l — exp(— 60.)) t(140(1 )—3(1 +o(1))pn

SES,
< ntexp(—e1nt) < exp(—cont)

for some ¢1, e9 > 0 and n sufficiently large.
We conclude that

(4.2) pr(T) ~y pnt exp(—ea) for every I € [{1,2,...,t + 1}
with probability larger than 1—(t+1) exp(—cgn?) > 1—exp(—e3nt), c3 > 0 (again, for

n sufficiently large). This verifies that (a) of Lemma 4.1 holds with high probability.
Now we verify (b). More precisely, we shall establish that

Prob [o®(T) ~p oB(G) exp(—eop)) > 1 — exp(—cqn)

for every R € E(G*). Without loss of generality, consider a fixed edge R € E(G*)
such that R € Ef(G*) and I = {1,2,...,t}. By (i) of the lemma, there are
t(R) = on(l + o(1)) vertices v1, v2, ..., vyr) € V41 such that {»;,JUP € E
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for every i € {1,...,¢(R)} and P € [R]t 1. Let AR be the event that R € E(T).
For every vertex v,, 1 <t < t(R), B; denotes the event that all edges {v;} U P,
P € [R)*"! remain in E(T). By i if the lemma for every i, 1 < i < ¢t(R), the number
of complete (¢ + 1)-sets L’ containing v; for which R ¢ [7L' ]t and [L'EN[RU{v;}]t # 0
equals otn(1l + o(1)). Deletion of such a (¢t + 1)-gon L' corresponds to the situation
that B; fails to occur provided that Ap occurs, and hence

Prob (B; | AR) ~ (1 — (¢/n))°™ ~ exp(—eot).

The events (B;| Ag) are independent, so >, P(B; | Ag) < P(Ap) for fixed R and
different 7, 1 < ¢ < #(R), because their complements correspond to deletion of
complete (¢t+1)-gons which are independent events. Applying (x) in a similar manner
as before), we have

(4.3) Prob [UR(F) ~u t(R) exp(—eat)] > 1 — exp(—ec4n)

where Cy4 > 0 depends only on n.

Now we verify requirement (c), the requirement on intersections of (¢ + 1)-gons.
For a system X of (t + 1)-gons, ¢(X) denotes the number of pairs Ky, Ko € X for
which E(K1) N E(K3) # 0. Then the expectation

E(C(®)) = (1+ o(1))(¢ + 1)pn’ ("2”) (e/my? < LD 4 1ypont

and thus
Prob [¢(®) < (3/4)(t + 1)pe?a®nt] > (1/3)(1 + o(1)).
According to (4.2), we have that

‘ l > (t+1)pnt (1 + 0(1) = (1 + p) exp(—e0))
K ex
holds with probability bigger than 1—exp(—c3n?) for n sufficiently large with respect

to pu.
By (4.1), u < eoexp(ea)/10. Thus, for n sufficiently large,

c(<I>) < (3/4)(t +1) p€202nt
l = (t+1)pnt(1 + o(1) — exp(—ea) — (ec/10))
Kecp
(4.4) < (3/4)e%

= o(1) + ea = (202 )/2 (ed)/10

with probability at least (1/3)(1 + o(1)).
Finally, observe that it follows directly from (i) and (ii) of the lemma that G
contains opnt*1(1 + o(1))(t + 1)-gons; hence, using (%),

(4.5) |®| ~,, eopn’
with probability 1 — exp(—cyqn).
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Combining (4.2), (4.3), (4.4) and (4.5),

(4.6) K € & satisfies (a), (b), (c) with probability
at least (1/3)(1 + o(1)).

For a system X of (t + 1)-gons with |X| ~ eopn!,
Prob[® = X] = (e/n)lxl(l _ (e/n))omt(1+0(1))—lxl
< (¢/m)(E/mepl=mn™*L () _ 1)y (1=(e/n))eopnt
~ (1/m)ePl=w)n" (1+o(D)
Using (4.6), there are therefore
neop(1-pn’ (1+o(1))

systems satisfying requirements (a), (b) and (c¢) of the lemma.
Since u < /2 by (4.1), for n sufficiently large, we obtain the required number

t
neop(l=6)n

of systems. |
Lemma 4.2. Let G = ((V,):I}, E) be a (t + 1)-partite t-graph satisfying the assump-
tions of Lemma 4.1, and for which
1
4.7 < -
(4.7) P<7

holds. Then for any § > 0, there exist n”(l‘5)”t systems & of (t + 1)-gons of G such
hat #
tha

(a) | U S|=IE|(1~o(1)).
Sed
(b) |91 < E|/(t + 1)(1 + o(1)).

Proof of Lemma 4.2. Let v be a given real satisfying

v\P
(4.8) (5) <1/2
We will show that, provided n = |[V]| = ... = |V;4+1]| is sufficiently large, there exist
(4.9) ' (1-6)

systems & of (¢ + 1)-gons of G, which together contain all but ¥|E| edges, and such
that

|E|(1+ %)
t+1

We construct the systems ¥ inductively. Each & is constructed by forming a
sequence Gy, Gy, ..., Gy of t-graphs such that E(G,) C E(Gy_1) C ... C E(Gp); ¢

(4.10) l#] <
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will be specified later. Set Gg = G and ¢ = ZE(;F_IF' Lemma 4.1 then ensures that
there exist nc@P(1-6)n' systems KXo = X of (¢t + 1)-gons satisfying the conditions of
Lemma 4.1. Set G} = G minus the edges of X; we are now in a position to repeat
the application of Lemma 4.1.
Suppose that after 7 — 1 steps, we have constructed

1-1
(4.11) H necfp(l—-&)nt exp(—eapi)

1=0
t-graphs G; = ((Vi)fi%,Ej), E; C E, and systems Jf; of (¢ + 1)-gons covering edges
of E\ E; so that
(a) UR(Gj) ~ onexp(—eajt) for every R € E(G;).
(b) pr(G;) ~ pntexp(—eaj) for every I € [{1,2,...,t+ 1.

|E\E,|

(c) I <1+ %)t
Applying Lemma 4.1 to each such G, with ¢ set to ¢; = eexp(eajt), we can select a
system K ; of (¢ + 1)-gons in

(4.12) ncap(l—&)nt exp(—eopj)

ways, so that if we set G;j41 = G; minus the edges in (t + 1)-gons of X ;, we have:
(a’) O’R(Gj+1) ~ onexp(—eo(j + 1)t) for every edge R € E(G,1).

(b)) pr(Gjs1) ~ ont exp(eo(j + 1)) for every I € [{1,2,...,t+ 1}]%.

Choosing at least one (t + 1)-gon from each pair Kj, Ko with K1 N Ko # 0, and
deleting all edges in chosen (¢t + 1)-gons leaves a system with at least

5| ~ 26(7‘ U K[

KG]C]'
pairwise disjoint (£ + 1)-gons covering at most | |J K| edges. Thus we get
KeX
U K
KG.K]‘
KE]('J'
Set fj41 =F; UK. ¥4 covers all edges of E'\ E; 1, and hence we get
(¢) 1541l = |51 + %51
v |IE\ Ej 1
142 (142 n)| |
SO+ 5T g+ 2e0(t+ 1) U &
KE]C]'
v |E\ Ej 1 v
< _ — (14— . .
<+ )+ 1+ DB\ By
< IE\E]‘+1|_

- t+1
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Finally, combining (4.11) and (4.12), we obtain

f’[ neap(l—&)nt exp(—eopi)
1=0
ways to select G1, ..., Gj41.

Set £ = [(1/e0)In(2/v)], and repeat this procedure £ times. It is important to
observe that £ is not a function of n. Hence, although each application of Lemma
4.1 introduces a small inaccuracy, each such error is a factor of o(1), and since the
number of applications of the Lemma is independent of n, the total error introduced
is also o(1}.

~ The systems & = J; cover all edges of E\ Ey; since |Ey| < exp(—eof)|E| < §|E|,
(4.9) holds. In addition,

v\ [E\ Byl v, |E|
< ) —_—< —)—
W<+ 30507 SO+
and thus (4.10) holds as well.
Finally, there are
B -1 :
(4.13) H neap(l—&)n exp(—~eopi)
=0
ways to select G, ..., Gy. Now
-1
~ 1 —exp(—eopt)
.14 -~ i . Wikl il
(414) Y exn(-coni) = oo

We show now that the right hand side of (4.14) is at least 1/(eo). By (4.7), p < 1/4,
and hence

(4.15) 1 — exp(—¢op) < ea /2.
On the other hand, by (4.8) we have that
(4.16) exp(—eopl) < 1/2.

Combining (4.15) and (4.16) shows that the right hand side is indeed at least 1/(eo);
by (4.13), we therefore have

(4.17) pp(=8)n"
ways to select Gy, ..., Gy.

Now we estimate the number of different ,’s which we get by the method
described. The same ¥, can arise from different choices of Gy,...,Gy; however,
, ¢
there are at most £® such choices, and hence (4.17) implies that there are

nP(=6)n’
different ¥,’s as well. ]

The following was proved in [6]:
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Theorem 4.3. Let p > t be given positive integers. Let A, ..., Ap be pairwise
disjoint sets of the same large cardinality n. Then there exists a decomposition

A ) = HEs - Tel{r2,... p}"Y)

such that for every J, J' € [{1,2,...,p}]!tL, J # J,

(a) EyNEp =0.

(b) EjC[{A;s}icJ]t, and the t-graph H(J) defined by V(H(J))= A;, E(H(J))=
E; satisfies et

(¢) pr(H(J)) ~ (1/u)nt for every I € [J]t,

(d) oR(H(J)) ~ on for every R € Ej,

where 0 = (1/u)t and u = p — t. |

Proof of Theorem 3. Take two large positive integers, p, n, p € n. Set N = np.
Consider p pairwise disjoint sets Ay, Ag, ..., Ap of the same cardinality n. Lemma
4.3 ensures the existence of a decomposition

[{Ai}le]t = U{EJ 1 J € [{172a cee ap}]t+1}'

Thus for each J € [{1,2,...,p}]!T!, we have the t-graph H(J) = ((Aj)jes Eg),
which satisfies the assumptions of Lemma 4.2. Hence, for n sufficiently large, we get

(4.18) n(1/un®(1-o(1))

system S(J) of (t 4+ 1)-gons covering almost all edges in [{A;};c 7]t precisely once
(i.e., satisfying Lemma 4.2).

Taking the disjoint union of the systems <(J) over all J € [{1,2,...,p}]*], we
get systems which satisfy the requirements of Theorem 3. This follows from the fact

p
that for p large enough, almost all t-subsets of |J A; are elements of [{4; }f=l]t. By
i=1
(4.18), we construct

a2y () ren]aro)

different systems. This completes the proof of Theorem 3, and hence also Theorem
2. [
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